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Abstract
In this paper we prove some compactness theorems of families of proper holomorphic corre-
spondences. In particular we extend the well known Wong-Rosay's theorem to proper holomor-
phic correspondences. Contrary to the case of proper mappings the local version of this theorem





1. Introduction and results
In [29], B. Wong gave a characterization of the unit ball in C
n
by its automorphism group,
namely, if D is a smooth strongly pseudoconvex bounded domain in C
n
with noncompact au-
tomorphism group, then D is biholomorphic to the unit ball. Later, J.P. Rosay [21] proved
that the same conclusion holds under considerably weaker hypotheses on the boundary of the
domain. S. Pinchuk [19] gave a local version of this theorem with an elementary proof by using
the scaling technique : the unit ball is a model for the class of C
2
strongly pseudoconvex do-
mains at an accumulation point. E.B. Lin and B. Wong [14] observed that this result (termed
\ the Wong-Rosay theorem ") is interesting only when the domain D is an Eilenberg-Maclane
space (i.e. 
k
(D) = 0 for all k  1); since a smooth bounded domain D in C
n
with noncompact
automorphism group and nontrivial 
k
(D) for some k  1 admits a complex analytic variety
in the boundary. In particular, they proved that the set of proper holomorphic mappings be-
tween bounded strongly pseudoconvex domains in C
n
is noncompact if both of the domains are
biholomorphic to the unit ball. In [17], the author showed a local version of this result : if D is
a bounded domain in C
n
and there exist a point p 2 D and a sequence of proper holomorphic
self-mappings f
k





a strongly pseudoconvex boundary point, then D is biholomorphic to the unit ball in C
n
. Our
aim in this paper is to prove a suitable version of the Wong-Rosay theorem for families of proper
holomorphic correspondences.
The notion of holomorphic correspondence is very interesting. It is a generalization to several
complex variables of the classical global analytic function of one complex variables. More pre-
cisely, let D and G be two domains in C
n
. A holomorphic correspondence is a closed complex
analytic subset A  (D  G) of pure dimension n with A \ (D  @G) = ;. We can regard A







: A ! D and 
2
: A ! G
denote the natural projections. It follows from the denition that the projection 
1
: A! D is
proper. Then there exists an n  1-dimensional analytic subset V
f
 graphf and an integer m
such that 
1




















) and the f
j
's are distinct holomorphic functions













are proper then A is a proper holomorphic correspondence.
If A is irreducible as an analytic set, then it is called an irreducible holomorphic correspondence.
For the basic topic on holomorphic correspondences, we refer the reader to the work of K. Stein
[25], [26] and for its boundary behavior to [1], [6] and [27], where the phenomena of continuous
and holomorphic extension for correspondences were studied with local boundary assumptions.
We denote by Cor(D;G;m) the set of all -valued holomorphic mappings from D onto G





Our main result can be stated as follows :
Theorem 1. Let D and G be bounded domains in C
n
. Suppose that there exist a point p 2 D,













(p) converging to a strongly pseudoconvex boundary point q 2 @G. Then




In the case m = 1, we nd the result of [17] for proper holomorphic mappings of uniformly
bounded multiplicity. If the domain D is pseudoconvex, simply connected with C
1
boundary
and of nite type (in the sense of D'Angelo [10]), then the correspondence f : D   o B dened








holomorphic functions in a neighborhood of z (see [3]). In view of the simple connectedness
we have a global splitting. So each branch of f denes a proper holomorphic mapping from D
onto B . In particular any proper holomorphic self-mapping of D is biholomorphic. Moreover
the Lie groups Aut(D) and Aut(B ) have the same dimension (see also [3]). Note that the same
conclusions hold for the domain G if we assume that G is pseudoconvex, simply connected with
C
1
boundary and of nite type.
As an application of theorem 1, we have the following version of the Wong-Rosay theorem for
families of proper holomorphic correspondences.
Theorem 2. Let D and G be bounded domains in C
n
. Assume that G is strongly pseudoconvex,
simply connected with C
1
boundary. Suppose that there exist a point p 2 D, a sequence of













(p), converging to a boundary point q 2 @G. Then G is biholomorphic to the unit ball.
Example 1. The following example due to Bell-Bedford [2], shows that the strong pseudocon-






< 1g and let us consider
the proper holomorphic mapping
f : D ! B














is a sequence of self-correspondences of D converging to the points (0;1) 2 @D.
This example shows also that there is no local version of Wong-Rosay's theorem for proper
holomorphic correspondences.
In [12], W. Klingenberg and S. Pinchuk proved that the set of proper holomorphic correspon-
dences of uniformly bounded multiplicity between bounded domains is normal. In the case of
strongly pseudoconvex domains we get more information on the convergence of such correspon-
dences as follows :
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Corollary 1. Let D and G be bounded domains in C
n
. Assume that at least one of them
is strongly pseudoconvex, simply connected with a C
1
boundary and not biholomorphic to the




of proper holomorphic irreducible correspondences in
Cor(D;G;m; l), we may extract a subsequence converging to a proper holomorphic correspon-
dence in Cor(D;G;m; l).
This corollary generalizes the result of E.B. Lin and B. Wong [14] mentioned above even for
proper holomorphic mappings.
We can also use theorem 1 to complete the result of [17] concerning homogeneous complex
manifolds.
Corollary 2. Let M be an n-dimensional complex homogeneous manifold and G a bounded
domain in C
n
that possesses strong pseudoconvexity boundary points. Then
(1)- if there is a proper holomorphic mapping between M and G, then M is biholomorphic
to the unit ball in C
n
.
(2)- if, in addition, G is a strongly pseudoconvex, simply connected domain with C
1
boundary
and there exists a proper holomorphic correspondence betweenM and G, then G is biholomorphic
to the unit ball.
2. Basic facts about convergence of holomorphic correspondences

















g when z tends to z
o














g in the sense of the Hausdor conver-






to study the problem of convergence
of correspondences (see [5]).










refers to the interior of A as follows :
Consider all irreducible germs of branches of f at (a; b). Analytic continuation of each of these







































are irreducible, we say that f
k

























3. Proof of results
Proof of theorem 1. Our basic tool is the scaling method, successfully applied in dierent
problems for holomorphic and CR mappings by several authors (see for instance [18],[4],[11],[8],
[9]). It is worth to remark that here we adapt the scaling technique for proper holomorphic
correspondences. We believe that this technique will be useful to deal with others problems as
well.
We write z 2 C
n






z denotes the rst n  1 coordinates of z.
Let V be a neighborhood of q in C
n
which does not intersect the set of weakly pseudoconvex











































where r is a dening function of G. The mapping h
w
maps w onto 0 and the real normal to @G
at w onto the line f
0






































































is a proper holomorphic correspondence









be a dening function of G
k
. Without loss of generality, we may assume that q = 0




+R(w) with R(w) = o(jwj
2
).


















) uniformly in a neighborhood of the origin. As
k !1, the limit of the matrix H
k
is the identity and the limit of B
k
is 0. Consequently, there































converges uniformly on compact subsets of C
n


























































(K)  U . We need the following important statement on the localization of holomorphic
correspondences. It is the crucial point of our scaling construction.
First of all, we recall that a point a 2 @D is a local plurisubharmonic peak point if there is a
neighborhood V of a in C
n
and  2 PSH(D \V )\C(D \ V ) such that  (a) = 1 and  < 1 on
(D \ U)nfag. If V \ @D is a strongly pseudoconvex hypersurface of class C
2
, then a is a local
plurisubharmonic peak point (see [22] and [24]).















, there exists Æ = Æ(L) > 0 such if a 2 @D be a
local plurisubharmonic peak point of @D, F 2 Cor(D
0
;D;m) and w 2 F (z
o







Proof. This proposition was proved in [27] (see also [6]). For the sake of completeness, we
include a brief proof. By contradiction, assume that the proposition is not true. Then there
exist a compact L  D
0
































; R). Since the domain





on compact subsets of D
0





























. By using [7] (pp. 36 and 46), it
easy to see that the graphF
1



































be the branches of 
 1
which are locally dened and holomorphic on U
0
n, with
 an analytic set of dimension at most N   1. Since a = 0
00
is a local plurisubharmonic peak





; ) \ D). Consider (z) = max( Æ g
1









) = 1, then by
the maximun principle, (z)  1 on U
0




































g. The same argument as above shows that for all z 2 D
0
, the






















































are contained in a
bounded domain; hence by the continuity of the roots of canonical functions (see [7] pp. 45 and
46), m   1 branches of F
1




) while the m
th
branch has the constant
6
000
, for all z 2 L and for some constant 
o
















on L, then for k  k
o
and z 2 L all the branches of F
k















































; R) for all k  k
o











We continue with the proof of theorem 1. Let  > 0 such that B(0; )  U (U is the open set






Fix 0 < R < min(1;
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for k suÆciently large one has 2
0
k
< Æ(K), where Æ(K) is a constant from proposition 1. Thus







; R). Since h
k





! 0 as k ! 1, then for large k's, we may assume that B(w
k

























































; H ; m), where
H = fz 2 C : Re(z) < 0g denotes the half-plane in C . Let
















;;m). For all k, we have (s; 0) 2 graphT
k;K
. The following statement








Proposition 2. Let D be a domain in C
n
, n  1 and f 2 Cor(D;;m) with (p; 0) 2 graphf .







According to proposition 2 and by using Montel's theorem and the diagonal process, we may




























is uniformly bounded. Then we can extract









;m). By exhausting D with an increasing sequence






f 2 Cor(D; C
n
;m). Passing to the limit
in (**), we conclude that '(
^
f)(z)  0 for all z 2 . Hence
^
f 2 Cor(D;;m).


















;D; l) and satises (s; p) 2 graph(g^
k
). Let L   a compact containing s and
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;D; l). Since D is bounded, there exists a
subsequence converging of g^
k;L
to g^ 2 Cor(
Æ
L
;D; l). By exhausting  with compact and passing
to the diagonal subsequence, we obtain a limit g^ 2 Cor(;D; l).
To prove that
^
f 2 Cor(D;;m) and g^ 2 Cor(;D; l), we need the following statement, which
follows from the Schwarz lemma for proper holomorphic correspondences (see [12]).
Lemma 1. Let D and G be bounded domains in C
n
and (a; b) 2 D G. Then for any neigh-
borhood U
2
3 b in G there exists a neighborhood U
1
3 a in D such that if h 2 Cor(D;G;m) and
































































are uniformly bounded, so in
view of lemma 1 there exist neighborhoods U
2
3 s and U
1





















(z) for all z 2 U
1















Now assume that there exist points a 2 D and b 2 @ such that b 2 f(a). Let A
1
be an
irreducible component of graph
^

















be the branches of 
 1
which are locally dened and holomorphic on U
0
n, with  an analytic
set of dimension at most n   1. Since b is a strong pseudoconvexity point, there exists a local
plurisubharmonic peak function  dened in a neighborhood of b. Without loss of generality, we




\). Consider (z) = max( Æh
1
(z); :::;  Æh
k
(z)).
It is clear that  is plurisubharmonic in U
0
n, since it is bounded (  1), so it extends as a
plurisubharmonic function on U
0
. But (a) = 1, then by the maximun principle, (z)  1 on
U
0
. This implies that one of the branches h
i




 fbg  A
1
. It follows by




is an arbitrary component containing (a; b), it follows
that the only one component of graph
^
f containing (a; b) is D  fbg. A similar argument shows
that for all z 2 D, the only component of graph
^
f containing (z; b) is D  fbg. Therefore, if
A
j
is some component of graph
^
f distinct from D  fbg, then A
j
\ (D  fbg) = ;. This shows















6 0, the branches of
^
f are














denotes the variety fJacg^ = 0g). This
contradiction completes the proof of claim 1.
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Claim 2. g^ 2 Cor(;D; l).
Proof. Since the domain D is bounded, we can repeat the same proof of Klingenberg-Pinchuk
[12] (see also [17]) to show that g^ 2 Cor(;D; l). For the convenience of the reader we include
this proof.
The same argument used for the correspondence
^
f shows that Jacg^
U(s)
6 0 for a certain neigh-
borhood U(s) of s. It follows that Jacg^ 6 0. Now assume that the claim is false, i.e. there exists













denotes the variety fJacg^ = 0g), we must
















g = fxg: As
g^(
~






f extend analytically to a xed neighborhood of y, say U(y). The domain  is biholomor-














! y. But since g^
k

























and then by passing to a convergent subsequence and to the limit, we obtain
^
f(y)  @. This
contradicts x 2 .
Now, we shall prove that
^
f is proper. First we prove that the correspondence g^ is the inverse
of
^
f . Let (a; b) 2 graph
^










(a) such that b
k
! b.
Since the correspondence g^
k









to a convergent subsequence and to the limit we get a 2 g^(b). The same argument proves that







be a sequence in D that converges to a point z 2 @D. By contradiction assume that
^











) that converges to w 2 . Since g^ is the inverse of
^





z 2 g^(w)  D. This contradiction proves that
^
f is proper and completes the proof of theorem
1.
Proof of theorem 2. According to theorem 1 there exists a proper holomorphic correspondence




: B   o G
denes a biholomorphic mapping. Then G is biholomorphic to the unit ball.
Proof of corollary 1. Without loss of generality we may assume that the domain G is strongly
pseudoconvex (otherwise, we consider the correspondence inverse f
 1
k









converges to a point q 2 G. If q 2 @G, then theorem 2 implies that G is biholomorphic to the









converging to a proper
holomorphic correspondence in Cor(D;G;m).
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Proof of Corollary 2. (1)- In view of [13]M is a Kobayashi hyperbolic. SinceM is homogeneous,
according to [15] M is biholomorphically equivalent to a bounded domain D of C
n
. Fix p 2 D




be a sequence of
points of G that converges to q and assume that there exists a proper holomorphic mapping
















implies that there exists a proper holomorphic correspondence in Cor(D; B ;m; 1). Then there
exists a proper holomorphic mapping P from B onto D. In view of [23] we may assume that P
is a polynomial mapping. Then P is a biholomorphism in a neighborhood of any points z 2 @B
with Jac(P )(z) 6= 0. From this we conclude that D contains strong pseudoconvexity boundary
points. By the Wong-Rosay theorem D is biholomorphic to the unit ball.
A Similar proof shows that if there is a proper holomorphic mapping from D onto G then D is
biholomorphic to the unit ball (see [17]).
(2)- Let f
k
be a correspondence in Cor(M;G;m; l). The same argument as above implies the
existence of a proper holomorphic correspondence from M onto the unit ball. In view of [3] and
[18] we conclude G is biholomorphic to the unit ball. If f
k




and the proof is similar.
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